Introduction {#Sec1}
============

This paper investigates influence of parameters on existence and uniqueness of solutions and equilibria in an age structured model. This model mimics the dynamic of two diseases vertically transmitted almost independently with horizontal coinfection and a common vaccination strategy. For example Goyal and Murray ([@CR6]) notes a decrease in Hepatitis B virus (HBv) prevalence as vaccination coverage increases and it is possible to eradicate both HBv and HDv (hepatitis D virus) using high vaccination coverage. Age structure *a* added to the continuous time *t* brings some improvements in the comprehension of the disease dynamics. For the case of HBv and HDv, age plays also a great role in the vaccination strategy (Goyal and Murray [@CR6]). We follow methods of Djidjou et al. ([@CR3]), Yang et al. ([@CR25]), Brauer et al. ([@CR1]) or Inaba ([@CR11]) for quantitative (wellposedness with semigroup theory) studies. One can see also Castillo-Chavez and Feng ([@CR2]), Greenhalgh ([@CR7]) and references Hadeler and Muller ([@CR10]), Kouakep and Houpa ([@CR14]), Muller ([@CR18], [@CR19]), and Pasquini and Cvjetanović ([@CR20]) therein for a good review. Most of time in Africa (WHO [@CR24]), vaccination campaigns concern more than one disease. This study starts with the case of two diseases and forthcoming works will deal with more than two diseases.

We study impact on basic reproduction rate (with a common vaccination strategy) of vertical transmission. Our goal is to bring our contribution with quantitative results concerning special cases in the context of non-linear dynamics of infectious diseases (in the context of the "[Appendix 1](#Sec11){ref-type="sec"}") and non local boundary conditions. We included vaccination ignored in Djidjou et al. ([@CR3]), vertical transmission neglected in Castillo-Chavez and Feng ([@CR2]) and show explicitly the basic reproduction rate theoretical shown with an equivalent number in term of asymptotic properties (threshold parameter) in Djidjou et al. ([@CR3]).

The paper is organised as follow: second, third and fourth sections are respectively devoted to problem formulations, primary material on the model, some asymptotic results with impacts on basic reproduction rate induced by vertical transmission. We conclude with a discussion and conclusions.

Problem formulations {#Sec2}
====================

In this work we will consider the following model with vaccination for two diseases W and Y. (*s*, *v*, *I*, *E*, *R*) satisfies (see "[Preliminary materials](#Sec3){ref-type="sec"}" section for Banach spaces used) the following system of equations:$$\documentclass[12pt]{minimal}
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                \begin{document}$$0\le q(a)\le 1$$\end{document}$*a*.*e*.) represents the age-specific probability to become Y-infected when becoming infected by Y at age *a*. Function *p* denotes the probability to develop an W-infection when getting the infection W at age *a*. We refer for the exceptional case of hepatitis B to Edmunds et al. ([@CR4]) for more explanation on the age-dependence susceptibility to the infection and their estimations from data with maximum likelihood or least squares methods. This problem is supplemented together with the positive boundary conditions (choosing between $\documentclass[12pt]{minimal}
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Like Republic of Niger's or Cameroonian Governments (see Ministry [@CR17]) we choose the situation with no newborn baby vaccination: $\documentclass[12pt]{minimal}
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Preliminary materials {#Sec3}
=====================
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Abstract formulation {#Sec4}
--------------------
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Existence and uniqueness of solutions {#Sec5}
-------------------------------------
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### *Proof* {#FPar2}
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### *Remark 1* {#FPar3}

Under assumptions of Lemma [1](#FPar1){ref-type="sec"}, one could show that the semiflow $\documentclass[12pt]{minimal}
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From Lemma [1](#FPar1){ref-type="sec"} and above Remark [1](#FPar3){ref-type="sec"}, one deduces using the results of Hale ([@CR9]), Smith and Thieme ([@CR23]), and Magal and Zhao ([@CR16]) the following results:

### **Lemma 2** {#FPar4}
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Asymptotic properties: impact on basic reproduction rate of vaccination efficiency and vertical transmission {#Sec6}
============================================================================================================

In all this section we assume that $\documentclass[12pt]{minimal}
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Steady states (DFE and EE) {#Sec7}
--------------------------

Here we provide some information on steady states for ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}).

### **Lemma 3** {#FPar5}
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Threshold number explained as basic reproduction rate {#Sec8}
-----------------------------------------------------
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### *Remark 2* {#FPar6}
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### **Theorem 1** {#FPar7}
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### *Remark 3* {#FPar8}

Authors like El-Doma ([@CR5]) choose to rewrite solution of the PDE ([1](#Equ1){ref-type=""})--([2](#Equ2){ref-type=""}) $\documentclass[12pt]{minimal}
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Discussion {#Sec9}
==========

The works of Castillo-Chavez and Feng ([@CR2]) and Djidjou et al. ([@CR3]) are more general by considering age-dependent death rates and birth fertility. But, our work connects these two important works in some of their complementary lacks and strength in order to study the impact on basic reproduction rate (with influence vertical transmission) of a common vaccination strategy inducing the stability of steady states of two related diseases. We saw that the basic reproduction rate $\documentclass[12pt]{minimal}
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Conclusions {#Sec10}
===========

The main objective of this work is study the impact of vertical transmission on basic reproduction rates in the case of coinfection like HBV(hepatitis B)/HDV(hepatitis D) co-infection. We found that vertical transmission increases the basic reproduction rate. Beside this, we studied the influence of the influx by migration on the wellposedness of the mathematical problem: there is a trade-off between entries balanced by mortalities and wellposedness for long term dynamic of our age-structured model. Some asymptotic relations between the mean of the fertility rate and other biological parameters are derived in endemic or free epidemic situations ("[Appendices 1](#Sec11){ref-type="sec"} and [2](#Sec12){ref-type="sec"}"). A perspective could be to introduce diffusion in our model and evaluate a minimal speed for travelling wave solutions.

Appendix 1: Age structured model {#Sec11}
================================
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Appendix 2: Averaged fertility rate {#Sec12}
===================================
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